Abstract. Transversality phenomena are studied for homology manifolds.
Introduction
We are interested in the following problem which makes sense in many di erent categories of spaces: If X, Y and Z are objects in a given category C, (Z) is a C?normal neighborhood of Z in Y and f : X ! Y is a morphism in the category C, when can f be replaced by a C-transverse map? For example Thom's celebrated transversality theorem says that any map in the smooth category can be approximated by a transverse map. Similar theorems for the PL and TOP categories are due to Rourke and Sanderson RS] and Kirby-Siebenmann KS] respectively. This paper explores this question in the category of homology manifolds. A homology manifold X of dimension n is a nite dimensional ANR with the local homology of a manifold, i.e. for any point x 2 X, H (X; X n x) ' H (R n ; R n n 0). Homology manifolds are an object of classical mathematical interest. They have been studied via sheaf theory and point set topology (see the work of Bing and his school) and more recently via controlled topology, Q] and BFMW].
The question of transversality for homology manifolds was rst proposed by Quinn. A resolution of an n-dimensional homology manifold X is an n-dimensional topological manifold M with a CE map M ! X. Topological manifolds have transversality, and hence so do resolvable homology manifolds. If X is a connected n-dimensional homology manifold every point x 2 X has a neighborhood U n which is an open n-dimensional homology manifold with a proper degree 1 normal map f : U n ! R n . The proper surgery obstruction of this normal map is 8I(X); where I(X) 2 L 0 (Z) = Zis the index obstruction of Q3] to resolving X. See BFMW] for the construction of nonresolvable homology manifolds in dimension 6. Transversality for homology manifolds is seen to fail in general due to the exotic local structures of unresolvable homology manifolds. If I(X) 6 = 0 it is not in general possible to express f as a product of proper degree 1 normal maps f = g h : U n = V k W n?k ! R n = R k R n?k with V k (resp. W n?k ) an open k-(resp. (n ? k)-) dimensional homology manifold.
This parallels the local splitting problem in the equivariant setting. For example, Browder-Livesay studied the obstruction to decomposing an involution (R n ; ) as (R;?) (R n?1 ; T) for any involution T. See J1] for a study of equivariant transversality for PL locally linear actions of the group Z 2 . The failure of transversality for homology manifolds is noted in We2] .
This paper explores the question of transversality for homology manifolds. The paper begins with some results related to transversality. Homology manifolds versions of the ( ; ) and Browder splitting theorems are proved. Theorem 1.1. Let X be an n-dimensional Poincar e space, and let Y X be a codimension q Poincar e subcomplex, with topological normal bundle, with n?q 6. (i) If q 3 then every homology manifold structure on X determines an obstruction in L n?q (Y ) = L n?q (Z 1 (Y )]) which vanishes if and only if the structure splits, i.e. has a representative which restricts to a structure on Y .
(ii) If q = 1 and X = V 1 Y V 2 so that the inclusion Y V 1 induces an isomorphism of fundamental groups, then any structure on X splits.
See theorems 3.1 and 3.3 below. The proofs of the manifold versions of these results rely heavily on transversality and the Wall surgery exact sequence. Interestingly, the homology manifold versions are proven without transversality, using only the homology manifold surgery exact sequence. In the homology manifold setting these splitting results are used to prove transversality theorems.
Transversality for homology manifolds is de ned for X, Y and Z homology manifolds with Z (Z) Y where (Z) is the total space of a topological bundle over Z as follows: f : X ! Y is transverse to Z if f ?1 (Z) is a homology manifold with a neighborhood f ?1 ( (Z)) = f (Z) so that f is the bundle map. The two main theorems about homology manifold transversality give information about the success of transversality in this setting. See theorems 4.3 and 4.5 below. The transversality theorem is proven using an analysis of obstructions to Poincar e transversality and related transversality structures (see HV] for an account) and the homology manifold surgery exact sequence of BFMW]. First we apply Poincar e transversality theorems to get a Poincar e space P as the Poincar e transverse inverse image. Then we would like to perform Browder splitting to complete the proof. There is a priori an obstruction to doing this. However an embedding trick allows us to nd a di erent solution to the Poincar e transversality problem which has vanishing splitting obstruction.
As in Thom's work, transversality results are closely connected to the calculation of bordism. Let H (X) denote homology manifold bordism. Theorem 1.3. In dimensions 6 we have an isomorphism of Abelian groups H (X) ' TOP (X) 8Z+ 1]:
See theorem 6.1 below. As an Abelian group TOP (X) 8Z+ 1] is just Maps(Z; TOP (X)) where the Zcorresponds to the Quinn index by the map x ! 8x + 1. The notation is meant to suggest an expected multiplicative structure, but unfortunately the given map does not yield a ring isomorphism.
The map H (X) ! TOP (X) 8Z+ 1] is de ned using the Quinn index and the canonical TOP manifold and degree 1 normal map to a homology manifold. The inverse map requires a complicated construction to associate a homology manifold of index i with each TOP manifold and integer i. Given the construction, it is a trivial consequence of our understanding of normal bordism of topological manifolds to see that the composition on TOP 8Z+1] is the identity. On the other hand to see that the composition on H (X) is the identity, requires a new understanding of normal bordism of homology manifolds. Theorem 1.4. For X an n?dimensional homology manifold, if NI H (X) is the geometric set of degree 1 normal maps of n-dimensional homology manifolds to X,
This bordism theorem is proven by comparing homology manifold bordism to Poincar e bordism and bordism of topological manifolds. The proof uses a construction of 0 and 1 surgery for homology manifolds to reduce to the situation in which there exists an isomorphism of fundamental groups. The proof uses the homology manifold surgery exact sequence and a construction similar to that used in the proof of the transversality theorem.
Finally, the above result about NI H (X) and the techniques of controlled topology allow us to prove the following surprising embedding result. Theorem 1.5. For n ? q 6 and q 3 a Poincar e embedding of an (n ? q)-dimensional homology manifold Y in an n-dimensional homology manifold X is s-cobordant to an embedding.
See theorem 7.1 below. Notice that, unlike the version of this result for topological manifolds, the above theorem does not provide a normal neighborhood of the embedded homology manifold, because a D q -normal neighborhood of Y in X is impossible unless I(Y ) = I(X).
2. We shall call this a CD q -structure on (X; A). If M m is an m-dimensional manifold and N m?q M m is a codimension q submanifold, then (M; N) has a CD q -structure. More generally, this is true if M is an m-dimensional Poincar e space and N M is a codimension q Poincar e subspace.
De nition 2.2. We say that a map between Poincar e spaces P f ?! X, with a CD q ?pair (X; A), is Poincar e transverse to A, if 1) (P; f ?1 (A)) admits a CD q -structure (f ?1 (N A ); f ?1 (@N A )), so that f induces a map of spherical brations.
2) The same is true for @P and the inclusion f ?1 (N A ) \ @P f ?1 (N A ) induces a morphism of spherical brations.
3)The decompositions of P and @P given by the CD q -structures are Poincar e decompositions.
We shall say that a pair of spaces (X; Y ) is a ( ; ) -pair if the inclusion X Y induces an isomorphism of fundamental groups. The celebrated theorem of Wa], that L( ; ) ' , is then called the ( ; ) -theorem. A consequence of this theorem is the following Poincar e transversality theorem, see HV, p.208] . Note that unlike the case CD q , q 3, this special case of Poincar e transversality has a simple proof, which depends only on manifold engul ng and the ( ; ) theorem of Wa].
Theorem 2.3. Poincar e transversality holds for a map f : P ! (X; A) where P is a Poincar e space of dimension 6 (=5 if @P = ;) and (X; A) is a CD 1 -pair so that X = X 1 A X 2 and (X 1 ; A) is a ( ; ) -pair.
In a setting where Poincar e transversality holds, a consistent method for making maps transverse is called a transversality structure. Given a Poincar e space P and Spivak bration , with Thom space T( ), an (extrinsic) transversality structure on P is a way of making simplices of T( ) transverse to P. Note that for any PL manifold M, M ! T( ) can be made Poincar e transverse to P, by using the transversality structure on to make all simplices of M Poincar e transverse to P in a consistent way.
According to Levitt and Ranicki LR], a Spivak bration has a transversality structure if (and for dim 3 only if) has a TOP reduction. We will be interested in the easier direction.
Theorem 2.4. Given ! P a spherical ber space, a TOP reduction of de nes a transversality structure for .
2.2. Homology Manifolds. De nition 2.5. De ne a homology manifold of dimension n to be a nite dimensional absolute neighborhood retract (ANR) X so that for every x 2 X H (X; X n x) = H (R n ; R n n 0):
Let I(X) denote Quinn's integer obstruction to resolution for homology manifolds. Q3] Let L or just L denote the 4-periodic 0-connective spectrum whose homotopy groups are the surgery obstruction groups of Wall. This spectrum is also known as the quadratic L-theory spectrum. Let L denote the corresponding symmetric L-theory spectrum of Ranicki. If X is a homology n-manifold, it has a canonical Ferry and Pedersen, FP] have used this result to show that the Spivak bration of a homology manifold has a canonical TOP reduction, which we will call the Ferry-Pedersen reduction.
De nition 2.6. Given a Poincar e space P, de ne S H (P) to be the (possibly empty) set of simple homotopy equivalences X ! P for X a homology manifold up to scobordism. This is the de nition used by Bryant, Ferry, Mio and Weinberger, for which they have proven a surgery exact sequence for homology manifolds, BFMW]. This sequence relates S H (P) and L n (P) with the middle group given by controlled surgery obstructions of P idP ! P which is isomorphic to H n (P; L) where H denotes locally nite homology. Similarly there exists a surgery exact sequence for n-ads of homology manifolds.
The surgery exact sequence for homology manifolds does not follow Wall, by giving a geometric de nition of normal invariants and surgery obstructions. Instead the surgery exact sequence for homology manifolds follows the surgery exact sequence for strati ed spaces We2] , in that it ts the geometrically de ned structure set into a long exact sequence where the other two groups are de ned purely algebraically. The algebraic sequence is given by Ranicki's algebraic surgery exact sequence, de ned below. . The only di erence is that instead of forgetting all control, one merely forgets some control. The construction proceeds as before, referring occasionally to the manifold controlled surgery exact sequence instead of the ordinary manifold surgery exact sequence.
3. Topology of Homology Manifolds Many important splitting theorems for manifolds were proven using manifold surgery theory. In this section we use the homology manifold surgery exact sequence to prove similar theorems for homology manifolds. These splitting theorems will play a central role in proving the transversality theorems to follow. Theorem 3.1. ( ( ; ) -splitting) Given a Poincar e space P, dimP = n 7 and a Poincar e decomposition of P = P 1 P 2 where P 1 \ P 2 = P 0 and (P 1 ; P 0 ) is ( ; ) i.e. 1 (P 0 ) ' 1 (P 1 ). Any simple homotopy equivalence X f ?! P from a homology manifold X is s-cobordant to a simple homotopy equivalence f 0 : X 0 ! P which restricts to simple homotopy equivalences f 0 i = f 0 j : (f 0 ) ?1 (P i ) ! P i (i = 0; 1); de ning a function S H (P) ! S H (P 1 ; P 0 ); f 7 ! f 0 1 :
Proof: Since n 7 and 1 (P 0 ) ' 1 (P 1 ) it is possible to identify S H (P 1 ; P 0 ) = fTOP reductions of P1 g L 0 (Z); S n+1 (P 1 ; P 0 ) = H n (P 1 ; P 0 ; L) with P1 the Spivak normal bration of P 1 and the L 0 (Z)-factor given by the resolution obstruction of Q3]. The Ferry-Pedersen TOP reduction of X restricts to a TOP reduction of P1 , and so determines a homology manifold structure on (P 1 ; P 0 ), de ning a function S H (P) ! S H (P 1 ; P 0 ); (f : X ! P) 7 ! (f 0 1 : (X 0 1 ; X 0 0 ) ! (P 1 ; P 0 )):
It remains to establish that f is s-cobordant to a simple homotopy equivalence of the type f 0 = f 0 1 f 0 2 : X 0 = X 0 1 X 0 2 ! P = P 1 P 2 :
De ne the (n + 1)-dimensional geometric Poincar e triad (R; @ 1 R; @ 2 R; @ 0 R) = (P I; P f0g P 1 f1g P 0 I; P 2 f1g; P 0 f1g);
such that S n+1 (R; @ 2 R) = H n (P; P 2 ; L) = H n (P 1 ; P 0 ; L) = S n+1 (P 1 ; P 0 ): The function S H (P) S H (P 1 ; P 0 ) ! S n+1 (P 1 ; P 0 ) = S n+1 (R; @ 2 R); ((f : X ! P); (g : (Y 1 ; Y 0 ) ! (P 1 ; P 0 )) 7 ! s(f 0 1 ; g) = s f g (R; @ 2 R) sends (f; g) to the rel @ 1 total surgery obstruction of Theorem 2.7 to extending the homology manifold structure f g on (@ 1 R; @ 0 R) to a homology manifold structure on (R; @ 1 R; @ 2 R; @ 0 R). If g is chosen to be f 0 1 then s(f 0 1 ; g) = 0, and the obstruction vanishes. A homology manifold structure (W; X X 1 ; X 2 ; X 0 ) ! (R; @ 1 R; @ 2 R; @ 0 R) can be regarded as an s-cobordism from f to a split structure f 0 : f 0 1 f 0 2 : X 0 = X 0 1 X 0
This is called codimension one splitting. We say that the given homotopy equivalence \splits", i.e. restricts to a homotopy equivalence (over P 1 and hence) over P 0 . We also have a relative version of this theorem, whose proof uses the relative version of the surgery exact sequence for homology manifolds. The following corollary of the above theorem will be needed below.
Corollary 3.2. If S H (P; P 1 ; P 2 ) is the set of equivalence classes of split homology manifold structures f = f 1 f 2 : X = X 1 X 2 ! P = P 1 P 2 then the forgetful map S H (P; P 1 ; P 2 ) ! S H (P) is a bijection. Theorem 3.3. (Browder Splitting) Let P be an n-dimensional Poincar e space, and let Q P be a codimension q Poincar e subspace with topological normal bundle, i.e. a CD q structure (P; Q) such that Q is an (n ? q)-dimensional Poincar e space, and such that P = E( ) @E( ) R with (E( ); @E( )) the total pair of a topological (E q ; S q?1 )-bundle = Q P over Q and R = closure(PnE( )): By de nition, a simple homotopy equivalence f : X ! P from an n-dimensional homology manifold X splits over Q if f is s-cobordant to a map which is transverse to Q and restricts to a homotopy equivalence over Q and R.
If n ? q 7 (=6 if @Q = ;) and q 3 then for every simple homotopy equivalence f : X ! P there is a well de ned obstruction (f) 2 L n?q (Z 1 (Q)]) which depends only on the s-cobordism class of f, such that f splits over Q if and only if (f) vanishes.
Proof. By Theorem 3.1 it may be assumed that f is a split homotopy equivalence f = f 1 f 2 : X = X 1 X 2 ! P = E( ) @E( ) R with f 1 : (X 1 ; X 0 ) ! (P 1 ; P 0 ) = (E( ); @E( )) a simple homotopy equivalence. In the rst instance note that f splits over Q if and only if (X 1 ; X 0 ; f 1 ) = (E(g ); @E(g ); h) 2 S H (E( ); @E( )) for some (Y; g) 2 S H (Q), with h : E(g ) ! E( ) the induced simple homotopy equivalence. If f splits over Q take g = fj : f ?1 (Q) ! Q. Conversely, if there exists a homology manifold structure g : Y ! Q with a relative s-cobordism (V ; X 1 ; E(g )) with boundary s-cobordism (@ 2 V ; X 0 ; @E(g )) then f splits over Q, with V @2V ((X 2 X0 @ 2 V ) I) de ning an s-cobordism between f and a simple homotopy equivalence f 0 = f 0 1 f 0 2 : X 0 = X 0 1 X 0 2 ! P = E( ) @E( ) R with (X 0 1 ; X 0 0 ) = (E(g ); @E(g )); X 0 2 = X 2 X0 @ 2 V: There are de ned natural bijections
with the L 0 (Z)-factor given by the resolution obstruction I. In particular, the homology manifold structure f 1 : (X 1 ; X 0 ) ! (E( ); @E( )) determines an element 2 H n?q (Q; L). The surgery obstruction
vanishes if and only if lifts to an element of S H (Q) represented by a simple homotopy equivalence g : Y ! Q, in which case (X 1 ; X 0 ; f 1 ) = (E(g ( ); @E(g ); h) 2 S H (E( ); @E ( )) and f splits over Q.
?! Figure 2 . The manifold two-skeleton of P is the union of the manifold two-skeleta for P 1 and P 2 along the manifold two-skeleton for P 0 .
We also have a relative version of the Browder splitting theorem, in which we assume that the given simple homotopy equivalence is already split along @Q. This translates into the appropriate hypothesis for a relative codimension one ( ; ) -splitting theorem. The relevant surgery obstruction group remains L(Q), because all surgery is done relative to @Q. Thus the remainder of the proof goes through as before.
4. Manifold Range In this section we will study homology manifold transversality for the following special problem: Given X a homology manifold, M a manifold, a submanifold N M, and a map f : X ! M when can f be made transverse to N? 4.1. Codimension One ( ; ). The following variation of Poincar e transversality theorem 2.3 will be needed in this section.
Corollary 4.1. If (X; A) is a CD 1 -pair so that X = X 1 A X 2 and (X 1 ; A) is ( ; ) , then for a Poincar e space P it is possible to make f : P ! X transverse to A with the added conclusion that f ?1 (A) f ?1 (X 1 ) induces an isomorphism on fundamental groups.
Proof: The proof of 2.3 proceeds by approximating f by a Serre bration HV,
Then the homotopy equivalence f is made Poincar e transverse to A. Thus we may assume that we are working with the homotopy equivalence f. We would like to do Poincar e surgery on f to achieve an isomorphism of fundamental groups. If we were working with manifolds this would be the usual handle trading argument in the rst few steps of ( ; ) codimension one splitting, see for example B1]. We will need the following lemma to reduce to the manifold case.
Lemma 4.2. If a Poincar e space P has Poincar e decomposition P 1 P 2 = P and P 1 \ P 2 = P 0 then the P i have manifold two skeleta W i for i = 0; 1 and 2 so that W = W 1 W 2 with W 1 \ W 2 = W 0 is the manifold two skeleton of P.
This lemma is a corollary of the existence of a manifold two-skeleton for a Poincar e space together with the relative version, 2.15 and 2.20 of HV] .
We now return to the proof of the theorem. By Poincar e transversality we have f ?1 (A) = P 0 and P = P 1 P0 P 2 . Applying the lemma we get a manifold two skeleton W = W 1 W0 W 2 . Now we can repeat the handle trading argument for the manifold case on the map fjW. Changing the fundamental group as desired involves doing surgery on embedded S 1 or D 2 representatives. Thus we can assume that these representatives lie within the manifold two skeleta and do surgery there. This results in a homotopy of fjW which changes the fundamental group of ( fjW) ?1 ( X 1 ; A) while preserving transversality. Because everything is taking place on the interior of W we can extend this homotopy by the identity to all of P to achieve the desired result for the Poincar e spaces.
Let X be a compact oriented homology manifold of dimension n 7 and M and N compact oriented manifolds so that N is a codimension one submanifold of M which divides it into two pieces M 1 and M 2 , N has a neighborhood N I in M, and the inclusion of N into M 1 is an isomorphism on fundamental groups. Proof: By 2.3 we can assume that f is Poincar e transverse to N say with f ?1 (N) = P and f ?1 (M 1 ) = P 1 . By 4.1 we can assume that the inclusion P P 1 induces an isomorphism on fundamental groups. Now apply 3.1 to the identity map id X : X ! P 1 P0 P 2 . This results in a homotopy equivalence k : X 0 = X 1 X0 X 2 ! P 1 P0 P 2 s-cobordant to id X , where kjX i is a homotopy equivalence for each i. This achieves our main result, Consider h as an element of S H (V (P)) and use the BFMW] surgery exact sequence to map to H n (V (P); L). Then map to H n ( (P); @ (P); L) via the restriction map and to H n?q (P; L) via Ranicki's Thom isomorphism R2]. We would like to put a homology manifold structure on P with this normal invariant. Unfortunately there is an obstruction to doing this in L n?q (P). Call this obstruction . It is the obstruction to Browder splitting given in theorem 3.3 above. This obstruction is possibly nontrivial with this particular h and P. The following lemma, whose proof we defer brie y, allows us to switch to a di erent Browder splitting problem which does have a vanishing obstruction. Lemma 4.6. Given a Poincar e space (P; @P) of dimension n 6, a normal kdisk bundle (P) (k 3) and a surgery obstruction 2 L n (P), we can construct a Poincar e space P 0 so that @P 0 = @P, and a map f : P 0 ! (P) so that f is a Poincar e embedding with (P 0 ) = f (P) and so that the surgery obstruction of pr f : P 0 ! P is .
Since the result gives P 0 Poincar e embedded in (P), we actually have P 0 Poincar e embedded in V (P) which we denote by k : V 0 (P 0 ) ! V (P). vanishes. This means that there exists a transverse map g 0 : X 0 ! V 0 (P 0 ) which is s-cobordant say via H : W ! V 0 (P 0 ) to k h : X ! V 0 (P 0 ). Let (g 0 ) ?1 (P 0 ) = Y and denote (g 0 ) ?1 ( (P 0 )) by (Y ). Now g = f h k g 0 is the desired map homology manifold transverse to N. f h k H gives an s-cobordism from g to f h k k h. Putting this together with the homotopy from f h k k h to f yields the desired s-cobordism from f to g.
Proof of Lemma: Let D denote the boundary of the manifold two-skeleton of P, where P = B D C. Note that the surgery group for (P rel @P) corresponds to the fundamental group of P, and we can take a manifold two-skeleton for P which is disjoint from @P. In any case, the fundamental group of D is the same as that of P and the dimension of D is one less than that of P. Thus L n (P) There exists a homology manifold s-cobordism from f : X ! M to g : X 0 ! M so that g is transverse to N, g ?1 (@N) = Y 0 and gjY 0 = fjY 0 :
The key di erence in the proof of the relative version of the theorem is that we must take care to work rel Y 0 when changing the map to achieve Poincar e transversality. We construct a manifold neighborhood of X, N(X) which contains a manifold neighborhood of Y 0 , N(Y 0 ) so that the map of manifolds given by the composition of the retraction r : N(X) ! X and the map f : X ! M is transverse to @N, with a neighborhood (N(Y 0 ) N(X)) = (f r) (@N). We then use relative manifold transversality in making this map transverse to N with transverse inverse image a manifold B. Then when we use the manifold-type transversality that X has inside N(X), because r : N(X) ! X has a TOP reduction, we can make B transverse to X relative to (N(Y 0 ) N(X)). The result is a Poincar e space P which is the Poincar e transverse image of N, so that @P = Y 0 . Having done this the rest of the proof is as before using the surgery exact sequence for (P; @P).
5. Homology Manifold Normal Invariants A major di culty in applications of the homology manifold surgery exact sequence is that the middle group, \normal invariants", is not given geometrically by degree one normal maps of homology manifolds. Recall that unlike Wall's surgery exact sequence, with geometric de nitions of normal invariants and surgery obstructions, the BFMW] surgery exact sequence has two out of three terms de ned purely algebraically. No understanding of the local structure of homology manifolds exists, as would be necessary to do geometric surgery. The failure of transversality for homology manifolds in general points to the inherent di culties in such an approach. In this section we will partially remedy this problem with the surgery exact sequence for homology manifolds, by showing that the \normal invariant group" H n (X; L) corresponds to a geometrically de ned set of degree one normal maps from homology manifolds to X.
De nition 5.1. Let P be a connected Poincar e space with a TOP-reduction of its Spivak bration P : P ! BTOP. De ne the homology manifold normal invariants of P, NI H (P) to be the set of degree 1 maps f : X ! P from X a connected homology manifold, together with a map b : X ! P from the Ferry-Pedersen canonical TOP reduction of X to the given TOP reduction of P.
Theorem 5.2. For P a connected Poincar e space, of dimension n 7 with a xed TOP reduction P : P ! BTOP, there is a canonical isomorphism NI H (P) ! NI TOP (P) Z where NI TOP (P) is degree 1 normal maps from manifolds to P. Since a TOP reduction of P determines an isomorphism, NI TOP (P) ' H n (P; G=TOP), we have shown H n (P; L) ' NI H (P). The map : NI H (P) ! H n (P; L) is given by : NI H (P) ! H n (P; G=TOP) H n (P; Z) which is f f TOP : X TOP ! X ! P on the rst factor and I(X) on the second factor. Note that, because the index of a homology manifold is bordism invariant, this second factor is well-de ned. The proof that is surjective is an easy consequence of the construction given in the rst lemma below. The proof that is injective relies on a direct application of Poincar e and homology manifold surgery, which requires the second lemma below to create a ( ; ) situation. ) which is not in the image of f . Take any two points p 1 and p 2 in Y . We would like to glue on a \one-handle" so that its image in X represents . Homology manifolds lack the necessary local structure, to glue on a generic D n D 1 , but we can nd neighborhoods of p 1 and p 2 which each have the homotopy type of (D n ; S n?1 ) as follows. where is the manifold normal bordism class represented by f f i f i which is the original class as desired. To see that this map is injective we need to see that if two homology manifolds have the same index and the maps f : Y ! P and g : Z ! P have the same image 2 H n (P; G=TOP), then they are homology manifold bordant. We will rst see that they are Poincar e bordant. By the above lemma 5.4 we may assume that f and g induce isomorphisms of fundamental groups. Consider f and g as elements of Poincar e bordism of P. Note that we have the following exact sequence see HV]:
Which corresponds to the sequence QP n+1 (P BSG) ! P n (P BSG) ! Q n (P BSG) ! QP n (P BSG).
Claim the diagram commutes restricts to the Ferry-Pedersen reductions on Y and Z by using the TOP reduction of the normal bordism V . Taking this TOP reduction together with the index i gives an element in the group H n+1 (W; L) which restricts to the elements of H n (Y ; L) and H n (Z; L) which correspond to (id Y ; i) 2 H n (Y ; G=TOP) Zand (id Z ; i) 2 H n (Z; G=TOP) Z respectively. By performing Poincar e surgery rel @ on k : W ! P (f : Y ! P and g : Z ! P already induce isomorphisms of 1 ,) we may assume that it is an isomorphism on fundamental groups.
We would like to put a homology manifold structure on W rel Z. Notice that since we have the element of H n+1 (W; L) as described above, actually an element of H n+1 (W; Y ; L) the only obstruction to the desired structure lives in Corollary 5.5. Let P be a Poincar e space with a speci ed homotopy equivalence h : X ! P from a homology manifold X. Every element 2 L n+1 (P) is the surgery obstruction = (r) of a homology manifold bordism r : P 0; 1] such that rj@W = g q h with g : Y ! P a homotopy equivalence. The map f : L n+1 (P) ! S H (P) in the surgery exact sequence of BFMW] sends to f( ) = s(g; h) 2 S n+1 (P) = S H (P).
6. Bordism of Homology Manifolds Let SH n (X) denote the oriented bordism theory in the category of homology manifolds.
Theorem 6.1. In dimensions n 6 the oriented bordism of homology manifolds is additively isomorphic to the Abelian group of nite linear combinations See JR] for an algebraic description of the multiplication structure of the homology manifold bordism ring. Proof. The general case follows from the case where X is connected. This theorem would follow directly from the calculation of NI H (P) except that all elements of NI H (P) are assumed to be have connected domain. The following lemma, whose proof we shall defer, allows us to choose a representative of each homology manifold bordism class with a connected domain. This theorem is the natural homology manifold analog of theorem 11.3 of Wa]. The key di erence between this theorem and the manifold version is that there is no speci ed TOP-reduction of the given spherical bration and no corresponding TOP-reduction of a locally trivial bundle normal neighborhood of the resulting embedded homology manifold. In the homology manifold setting, we may embed X in Y for any indices I(X) and I(Y ), but a locally trivial normal neighborhood of X in Y with ber D q is impossible unless I(X) = I(Y ).
Since the proof given in Wa] relies heavily on the pullback of the normal neighborhood of X, it does not at all translate into the homology manifold setting. We could still obtain from h by techniques used above, an element of H n?q (X; L), which lifts to a homology manifold structure in S H (X). Pulling back the bundle, if it were TOP-reducible, would result in an element of S H ( (X)), with resolution obstruction I(X). However, the local nature of this obstruction prohibits this structure from becoming part of anything homology manifold cobordant, much less Since g is a controlled homotopy equivalence, H extends to a homotopy equivalence H : Y k ! (X) where Y k = @ 2 W 0 = for n 1 n 2 if k(n 1 ) = k(n 2 ). Y k is a homology manifold, because g is a controlled homotopy equivalence.
The map H : Y k ! (X) de nes an element of S H ( (X) rel @) in which X is embedded and our claim is proved.
Claim: Given an element of S H ( (X)) in which X embeds, X can be embedded in any element of S H ( (X) rel @), i.e. X can be embedded in some structure which is h-cobordant to f : N ! (X) above.
Proof of Claim: Consider the surgery exact sequence for (X) rel @. L n+1 (X) ! S H ( (X) rel @) ! H n ( (X); L) ! L n ( (X)):
Recall that for the homology manifold surgery exact sequence NI( (X)) are naturally given by controlled surgery obstructions. (Even in the manifold case, we may still consider NI( (X)) as contained in the group of controlled surgery obstructions.) Thus we may assume that is a homotopy equivalence. Now consider the homotopy equivalence H 0 : @ 2 W 0 V ! @ (X) I so H 0 j@ 2 W 0 = H and H 0 jV = .
Now N 00 = @ 2 W 0 V= where is given by n 1 n 2 if p(g 0 (n 1 )) = p(g 0 (n 2 )), is a homology manifold and H 0 : N 00 ! (X) gives a homology manifold structure on (X) rel @. To see that the image of H 0 in H n (X; L) agrees with that of f i.e. that it di ers from the normal invariant for H by , compare the controlled surgery obstructions for H and H 0 in H n (X; L) and observe that they di er by . Now we have H 0 : N 00 ! (X) an element of S H ( (X) rel @) which has the same image in H n (X; L) as f does. Thus we can act on H 0 by an element 2 L n+1 (X) to get f. Note that by construction H 0 maps the manifold V = V= to the subset 1 (X) = @ (X) 0; 1 2 ]= and maps @ 2 W 0 to the complement @ (X) 1 2 ; 1].
Since 1 ( (X) rel @) ' 1 (@ (X) I rel @) ' 1 (X), we may represent by an element of L n+1 (@ (X) I rel @), s : K ! (@ (X) 1 2 ; 1]) I so that sjs ?1 (@ (X) Note that if Y were a manifold, we could do everything in the manifold category so that in the end we would have Y 00 manifold s-cobordant to Y and hence by the manifold s-cobordism theorem Y 00 = Y . This requires the following extra step.
Claim: If W is a manifold and g : @ 1 W ! @ (X) is a controlled homotopy equivalence over X then for k = p g the space W k = W= where w 1 w 2 if k(w 1 ) = k(w 2 ) is a manifold.
The claim can be used to show that Y k and N 00 are both manifolds. If we use the manifold surgery exact sequence instead of the homology manifold surgery exact sequence the other constructions obviously remain in the manifold category. Note that this does not preclude us from considering NI( (X)) as controlled surgery obstructions, we just don't get all possible controlled surgery obstructions this way.
Proof of claim: To see that W k is a manifolduse the fact that, by Edwards E] and Quinn Q3] , a DDP homology manifold with manifold points is a manifold. Clearly W k has manifold points and is a homology manifold (because g is a controlled homotopy equivalence.) To see that W k has DDP, consider two disks in D 1 and D 2 in W k . Because the homotopy ber of k : @ 1 W ! X is highly connected, X is 1-l.c.c. embedded in W k , and we can move each disk o X by a small move. If the disks are contained in W k n X then we can make them disjoint using DDP for the manifold W:
